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Conformational Energy Minimization in the Approximation of 
Limited Range Interactions 
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ABSTRACT: A general method to determine the conformational free energy minimum is developed by 
approximating the total molecular free energy as the sum of contributions from independent segments, each 
of which can exist in several conformations. The simple algorithm to determine the best overall conformation 
rigorously yields the same results as those obtained by enumerating all possible combinations of independent 
segments. However, the method, based upon dynamic programming concepts, is much simpler because it 
avoids explicit generation of all possible combinations of segments. Application of the method to protein 
secondary structures is discussed. Development of this conformational selection scheme is independent of 
the method by which free energies have been calculated. An example is presented for determining relative 
preferences for a-helix and @-strand in a fragment of trypsin inhibitor. 

The simplest considerations based on small molecules 
would lead to the postulation of myriad forms for large 
molecules; however, frequently a unique conformation is 
observed for many large biological macromolecules. De- 
termining such preferred conformations for proteins has 
been attempted by traversing conformational space to 
determine the conformations of lowest free energy.’ An 
exhaustive search of conformational space is usually im- 
possible for all except the smallest molecules; therefore, 
the existence of numerous local minima renders the de- 
tection of a global minimum particularly difficult. Here 
we are attempting to approximate molecular free energies 
and to shorten the list of conformations in order to simplify 
the search for minima. 

Energies are approximated by including only interac- 
tions within molecular segments. The total molecular 
energy is approximated as the sum of segment energies; 
the assumption is that the intrasegment interactions will 
include the majority of all molecular interactions. Ap- 
plication of a concept from dynamic programming permits 
a shortening of the number of combinations of segments 
which must be considered. 
Method 

The method presented below is a practical approach to 
this problem, Interatomic interactions here are to be 
limited to those within single regularly structured regions. 
All possible regions are considered; the combination of such 

*Division of Bacterial Products, Bureau of Biologics, Food and 
Drug Administration, Bethesda, Maryland 20205. 

regions with the lowest total free energy is determined. 
Because of the compact nature of globular proteins, an 
individual regular region usually includes only a small 
fraction of the atoms in the whole molecule. A regular 
region in a protein is taken to be one in which the back- 
bone rotation angles are identical, within some permitted 
range of variation. Interatomic interactions which can be 
included here are all those within each such region, of both 
short and medium range. 

Consider a linear molecule of N residues, each of which 
can exist in one of { regular conformational states. For 
this approach, it is necessary to specify k, the maximum 
length of such regions. This will correspond to the max- 
imum range of interactions to be included. Further, it is 
assumed here that there are no interactions between sep- 
arate regular regions; such interactions could be included 
by a simple modification of the method. In the present 
version of this method, it is important that the regions be 
relatively long, so as to include, on the average, the ma- 
jority of interatomic interactions. 

The free energy of a region encompassing residues i-j 
through i is given as @:f;-~+l’”~~, where the conformational 
states of each residue included in the region are specified 
by the t ’s .  The present method requires that a complete 
set of such free energies can be calculated and is available. 
Calculation of these energies must involve approximations; 
that is the subject of other work.2 

The formalism of the selection process is necessarily 
directional. The choice of a direction in which to proceed 
is, however, arbitrary; with independent regions, the results 
are independent of this direction. Here we proceed from 
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residue one toward residue N ;  residue one is designated 
to be the amino chain terminus. If nucleation sites3s4 were 
known, these could be designated as initiation loci. In- 
troduction of interactions between regular regions may lead 
to a dependence on the starting point. 

The free energy is minimized stepwise along the linear 
sequence; to be determined is the combination of regions 
with lowest total free energy from the origin to sites suc- 
cessively distant. The lowest free energy of residue one 
is given as: 

G,l = min . . ., Fi,J (1) 

The form associated with this minimum is retained along 
with the value of <,1 for later use in combination with 
regions with an amino terminus at  unit 2. 

The lowest free energy of sites 1 and 2 in all permitted 
forms is given by: 

F;,2 = min [ Ff::, Ff$, . . ., F$J, 
E:;, G:;, . . a ,  @:J, 

Ft,k F@, ' * - 1  F+$l (2) 

If the set Ff;'.'pO for all possible values of the E's is 
denoted by 3ij, then eq 1 and 2 are simplified: 

G,l = min [Sl,,l (1') 

) 7 , 2  = min [ 3 i , 2 l  (2') 

and 

For the ith site, the minimum free energy is given by: 

(3) 

(4) 
Note that imposing the separation at residue i - k is highly 
arbitrary and in certain specific cases may be a very poor 
approximation. It is possible to proceed stepwise, using 
eq 3 and 4 until the carboxyl chain terminus is reached 
and a minimum free energy form is determined for the 
entire molecule. 

A major simplification is introduced by reducing the set 
of conformations to those for regions consisting of only 
regularly repeating conformations. The equations above 
are modified as follows: The set 3ij now consists of only 
{forms since all ti = = . . . = tj. Additional terms arise 
because breaks between the regular conformations must 
be permitted at  each site. This overcomes, in one sense, 
the objection noted above about the break site in eq 4. 
Equations 3 and 4 become 

G,i = min [Yl i ]  for i 5 k 

G,i = min [G,i-k + 3i-k+1,i] for i > k 
or 

F".= 191 min [31,i, (G,I + 3 2 , i ) ~  (G,z + $3,i), - * *, (G,i-I + 
for i I k (5) 

or 

C,i = min [(G,i-k + yi--k+l,i), (G,i-k+l + $i-k+2,i)t - . 3) 

(&';,L-~ + 3i,i)] for i > k (6) 

There will be at  most k terms, as grouped in the par- 
entheses, on the right-hand side of eq 6. The example to 
follow demonstrates one difficulty with this formulation; 
we have not excluded adjacent regions of the same con- 
formation. This can be corrected simply by requiring that 
adjacent regions be in different conformations. It com- 
plicates the formulation because now instead of retaining 
a single 6 , i  there will be { of them, corresponding to one 
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for each of the possible conformations of residue i. 
(J'& = Fft, for = 1, . . ., t (7) 

= min [FkB, ((G.1)tI2t2 + F@I 
for t2  = 1, . . ., { (8) 

If 9t1 is the set (G,JtI=/,  for all j except the value of t2, 
then the general forms are: 

= min [Ff,,, (9f:l + Fb,Jj (9f:z + Fi,,), a 

(Sf,I-l + F$] for i 5 k (9) 

or 
(G,Jt, = min [(g!,r-k + FL+l,J, ( 9 f , l - k + l  + Fh+2,J,  

for i > k (10) 

where S'F,l-, is the set of (6,L-JtL.,, except the one for which 

Application 
As an example, we consider residues 2 to 7 of bovine 

pancreatic trypsin inhibitor. Only two regular conforma- 
tions are considered, a-helix and P-strand. All possible 
positions and lengths of such regions are considered. Free 
energies were calculated by a method described in ref 2. 
In this approximate method, charges are placed on ionized 
side chain atoms; partial charges are assigned to polar side 
chain and backbone atoms. Backbone - side chain elec- 
trostatic energies are calculated for each segment. An 
additional positive energy is added for each a-helical 
residue in the form of a parameter representing all back- 
bone-backbone interactions. The value of this helical 
parameter used to obtain the energies here was 2.3 kcal/ 
mol of residues for a dielectric constant of unity. All such 
possible segments and their associated free energies are 
presented in Table I. Magnitudes of the free energies 
appear quite large because they represent free energies 
times the dielectric constant. Specification of typical 
dielectric constants would yield much smaller free energies. 

Application of eq 5 and 6 to the data in Table I gives, 
successively 

(g&_, + F$] 

El-, = E l .  

Z32 = 0.0 for P 2  
I;"2,3 = -6.5 for ppa3 

G,* = -6.9 for pZa3-4 

Ip2,5 = -7.8 for P 2 ~ ~ 3 - 5  

G,6 = -8.8 for P2ff3-6 

F ; , 7  = -12.2 for 0 2 ~ ~ 3 - 6 ~ ~ 7  

The last line is the best conformation for this protein 
fragment with this method, but it is peculiar since two 
adjacent independent helical regions were chosen. This 
conformation is actually p 2 ~ ~ 3 - 7  whose energy of -5.5 is 
much less favorable than -12.2; numerous other combi- 
nations of regions yield energies more favorable than -5.5. 

Application of eq 9 and 10 yields regions of strictly 
alternating conformations: 

(P*, ,z) ,  = 2.3; (Ff2,z)b = 0.0 

(p',,,), = -6.5 for &a3; (G,3)0 = -2.8 for P2-3 

( I p 2 , 4 ) a  = -6.9 for p2c~3-4; (G,,Ja = -6.5 for & c Y ~ P ~  
(G,5)a = -7.8 for p2a3-5; (Ip2,5)a = -7.0 for &'Y3& 

= -8.8 for P2a3-6; (G,,J$ = -7.8 for ,!32a3-5& 

(P;,,), = -11.2 for &a3-5&a7; ( F ; , 7 ) a  = -10.0 for P2~i3-607 
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Table I 
All Regular 0: and p Conformations in Residues 2-7 of 

Bovine Pancreatic Trypsin Inhibitor 

Macromolecules 

confor- energy, 
no. residues mation kcalimol 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
1 3  
14  
15  
16  
17 
18 
19 
20 
2 1  
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 

2-2 
2-2 
2-3 
2-3 
2 -4 
2-4 
2-5 
2-5 
2 -6 
2-6 
2 -7 
2 -7 
3-3 
3-3 
3-4 
3-4 
3-5 
3-5 
3-6 
3-6 
3 -7 
3 -7 
4-4 
4-4 
4-5 
4-5 
4-6 
4-6 
4-7 
4-7 
5-5 
5 -5 
5 -6 
5-6 
5 -7 
5-7 
6-6 
6-6 
6-7 
6-7 
7 -7 
7 -7 

CY 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

P 

4 

CY 

CY 

cy 

CY 

CY 

cy 

CY 

CY 

cy 

CY 

cy 

CY 

CY 

CY 

cy 

CY 

CY 

cy 

CY 

CY 

2.3 
0.0 

-5.2 
-2.8 
-5.6 
-3.7 
-6.2 
-4.5 
-7.3 
-4.9 
-3.0 
-5.4 
-6.5 
-2.3 
-6.9 
-3.3 
-7.8 
-4.1 
-8.8 
-4.4 
-5.5 
-5 .O 

2.3 
0 .o 
4.4 

-0.06 
6.6 

-0.1 
9.8 

-0.7 
2.0 

-0.1 
4.2 

-0.2 
1.6 

-1.0 
2.3 
0.0 

-2.1 
-1.4 
-3.4 
-1.2 

A final choice must be made between the two forms on the 
last line corresponding to  the best conformations for the 
fragment with the carboxyl terminal residue in either 
a-helix or 0-strand form. From the free energies given, the 
best choice is 02a3-&.97. The nature of this method is such 
that inclusion of successive residues may modify choices 
made previously for residues in shorter fragments; thus 
“long-range” effects may appear. 

The present methods represent an application of tech- 
niques of multistage decision methods which are usually 
termed dynamic pr~gramming.~ Results corresponding to 
the last selection scheme have been arranged in Figure 1 
to make clearer the separation into separate stages. Data 
were taken directly from Table I. The method provides 
a significant shortening over consideration of all combi- 
nations of secondary regions by discarding some unfa- 
vorable combinations a t  each stage. Thus, on the figure 
when multiple lines lead to one circle only the lowest en- 
ergy value of previous choices is retained. 

Discussion 
The present method provides the formalism for mini- 

mizing the sum of secondary structure free energies. Such 
a method has its most obvious application to determine 
good preliminary sets of secondary forms. As an example, 
the method of Ptitsyn and Finkelstein6 required such a 

3 4 5 6 7 

BEST R E S U L T  A T  E A C H  S T A G E  

P 2 a 3  P > n 3 .  PI., f l , ~ , . ~  P z ~ , . , p 6 a ,  

Figure 1. Selection scheme. Each column represents the ith stage 
in the selection which corresponds to the portion of the molecule 
from residue 2 through residue i. Subscripts on the row indices 
are the terminal residues of the last secondary region. The circled 
numbers are the best cumulative energies which include the 
conformation indicated by the row index. Numbers on the arrows 
represent increments of energy for adding one residue in the 
indicated conformation. Only two types of addition are permitted 
growth of a helix or @-strand or change from either of these 
conformations to the other. Data are taken from Table I. Upon 
changing from one conformation to the other, a choice is made 
among all previous forms; this is represented by the multiple 
arrows leading to one circled number. The assumed independence 
of secondary regions permits a choice of the minimum energy 
conformation to be made rigorously at each such step. The choice 
of the best conformation from all values listed in the column for 
each stage is given in the bottom row. In this example, only in 
the last stage has minimization changed the results of decisions 
at the previous stages. 

determination. In the form given here, a computer pro- 
gram to determine the best secondary forms has been 
developed and could be used with most secondary struc- 
ture determining methods. Use of the present selection 
scheme would avoid some of the arbitrary features of these 
methods. Any method which yields free energies with 
nearest neighbor or higher order interresidue interdepen- 
dences can be combined suitably with the present selection 
scheme. Use of methods to calculate energies without any 
interactions between residues would yield, with the present 
selection scheme, the trivial result of the best choice for 
each individual residue which can be determined inde- 
pendently of all other residues. 

Breaks between separate secondary regions represe:lt 
barriers through which there are no interactions. This is 
clearly contrary to the physical situation. However, 
propagation of the secondary structure regions on either 
side beyond the break is unfavored. An improvement 
beyond the examples given above would consist of also 
including the conformations corresponding to various types 
of turns. 

Certain reductions are possible. For example, those 
regions of higher free energy, relative to those in the same 
conformation which are completely spanned by the first, 
could be discarded. The shorter more favorable forms 
would always be chosen. Following such a condensation, 
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i t  is sometimes possible to locate complete breaks among 
the remaining conformations. There may be boundaries 
between two adjacent residues which are never included 
within a single region. This permits treatment of such 
molecular fragments in a completely independent way. 

Application of this reduction to the conformations in 
Table I shortens the list by eliminating forms 3, 5, 7, 9, 
11,21, 25,26, 27,28, 29,30,33,35,36, and 39. The original 
42 forms are reduced to 26 in this way; however, there are 
no independent fragments since conformation 12, which 
spans the whole fragment, is retained. If alternation of 
conformations were not imposed, then the list could be 
shortened further by retaining only the most favored 
conformation for each specific region, e.g., by comparing 
the free energy of cy3-5 from Table I with that of @3-5 and 
eliminating cy3-5. 

The results obtained by the present method are very 
similar to those obtained by the authors, using another 
selection scheme.2 That “conformation stability” selection 
can be applied to the set of conformations in Table I. This 
method follows: (1) all conformations are placed in order 
by their associated free energies, (2) the most favorable 
conformation is chosen, (3) the next most favorable form 
is chosen if it does not include residues previously chosen, 
and (4) the third step is repeated until every residue is 
assigned a conformation. Application to the data in Table 
I yields -12.2 for / ? 2 ~ ~ 3 + ( ~ 7  or -10.0 for /?2~~3+@7,  depending 
on whether or not the condition of alternation is imposed. 
A comparison with the previous examples indicates that 
there is a tendency for the free energy minimization to 
yield somewhat shorter, less regular forms than does the 
conformation stability scheme. The energy minimization 
scheme would be expected to reflect somewhat more di- 
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rectly any inadequacies in free energy calculations because 
it does not depend so much on the effects of averaging over 
longer segments. Results with both methods are usually 
approximately the same; this provides an indication that 
the conformation stability selection gives conformations 
which closely approximate minimum free energy forms. 
Both methods yield the most significant feature of the 
present fragment, namely, the short helix. Experimental 
X-ray results7 indicate that the correct form is approxi- 

The present energy minimization method yields a global 
minimum, within the approximation of representing the 
total free energy 85 the sum of free energies of independent 
secondary structure regions. It should be possible to im- 
pose inter-region energy calculations at each selection step 
in the energy minimization method. This might eliminate 
the problem of choosing too many single independent 
residue conformations and would incorporate some of the 
tertiary interactions; however, it may introduce a depen- 
dence on the selection pathway. 

mately @2@3-6@7-10. 
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Infinite-Dilution Oscillatory Flow Birefringence Properties of 
Four-Armed Star Polystyrene 
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ABSTRACT: The oscillatory flow birefringence properties (characterized by the magnitude S ,  and relative 
phase angle OB of the complex mechanooptic coefficient S*) of solutions containing what were thought to be 
four-armed polystyrene stars (equal length arms linked with SiC1,) with narrow distribution number average 
molecular weights of 2.34 x lo5 and 8.58 x lo5 have been measured over a frequency range from loo to 2 x 
lo3 Hz at several temperatures. The solvent was Aroclor 1248, lot KM 502, a chlorinated biphenyl. The data 
have been extrapolated to obtain infinite dilution properties which are compared with the predictions of the 
Zimm-Kilb theory. The fits obtained indicate that the samples have substantial amounts of functionality 
polydispersity; the supposedly four-arm molecules apparently consist of a mixture of two-, three-, and four-armed 
structures, with the major component having three arms. Also, the values of the hydrodynamic interaction 
parameter required to generate theoretical fits to the data are essentially the same as those required to fit 
infinite dilution oscillatory flow birefringence and viscoelastic properties of linear polystyrenes in Aroclor 
solvents but are substantially different from those obtained for star polystyrene molecules from infinite dilution 
viscoelasticity studies. The precision obtainable with the oscillatory flow birefringence technique suggests 
that it may be a useful method for detecting small amounts of long-chain branching. 

There have been several studies of the frequency de- 
pendence of the oscillatory flow birefringence (OFB) and 
viscoelasticity (VE) of linear polymers in solutions suffi- 
ciently dilute to enable extrapolation to obtain infinite 
dilution proper tie^.'-^ The theory of Zirnm’O has been 
shown to be in very good agreement at low frequencies with 
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the above data when exact eigenvalues obtained by the 
method of Lodge and WU”,’~ are used. Branched polymers 
have also been of interest since the long time end of the 
relaxation spectrum is affected substantially by overall 
chain topology. Several viscoelastic studies have been 
reported for polymers with a variety of types of branching, 
some of which have included extrapolations to obtain in- 
finite dilution proper tie^.'^'^ Again these data have agreed 
quite well a t  low frequencies with the Zimm-Kilb theorym 
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